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In this paper, we focus on general features of quintessential inflation which is an effort to unify
inflation and dark energy using a single scalar field. We describe a class of models of quintessential
inflation which can give rise to the tensor to scalar ratio of perturbations consistent with recent
BICEP2 measurements. The scale of inflation in the model is around the GUT scale and there is
large parameter space consistent with the recent findings.
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I. INTRODUCTION
One of the most outstanding and clean predictions of
inflationary paradigm is related to relic gravity waves
[1–22] which are generated quantum mechanically in the
early Universe. The primordial tensor perturbations in-
duce B mode polarization in microwave background spec-
trum such that the effect depends upon the tensor to
scalar ratio of perturbations r. Since the effect was not
observed , the tensor to scalar ratio was supposed to be
negligibly small. However, the recent observations on
CMB polarization has demonstrated that the effect is
sizeable, namely, the scalar to tensor ratio of perturba-
tions, r = 0.2+0.07−0.05 [23] such that the scale of inflation is
around the GUT scale.
Quintessential inflation [10, 24–42], a unified descrip-
tion of inflation and dark energy using a single scalar
field, is necessarily followed by kinetic regime responsi-
ble for blue spectrum of relic gravity waves [7, 8, 10, 16].
These scenarios can be classified into Type I and Type
II. In first type, we consider models for which the scalar
field potential is exponentially steep for most of the his-
tory of universe and only at late times the potential turns
shallow. In Type II, we place models with potentials,
shallow at early times followed by steep behavior there-
after. Ideally, quintessential inflation requires a potential
that could felicitate slow roll in the early phase followed
by approximately steep exponential behavior such that
the potential turns shallow only at late times. Steep na-
ture of potential is necessitated for the radiative regime
to commence and peculiar steep behavior is needed to re-
alize the scaling regime. However, the generic potentials
do not change their character so frequently, they rather
broadly come into two said categories:
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Type A: The inverse power law and cos hyperbolic po-
tentials belong to this category. In this case one requires
to assist slow roll by an extra damping at early times.
In Randall-Sundrum scenario [43, 44], the high energy
corrections to Einstein equations [45] give rise to brane-
damping which assists slow roll along a steep potential
[10, 26–28, 46]. As the field rolls down its potential, high
energy corrections cease leading to graceful exit from in-
flation. Unfortunately, the tensor to scalar ratio in this
case is too large, r ≃ 0.4 to be consistent with obser-
vations and the steep brane-world inflation is therefore
ruled out.
Type B: In this case, the field potential stays steep af-
ter inflation. In this case, the late time behavior can
be achieved by invoking an extra feature in the poten-
tial. For instance, massive neutrino matter with non-
minimally coupled to scalar field can give rise to mini-
mum of the potential at late times when neutrinos be-
come non-relativistic [42, 47].
In this paper, we shall describe a class of models of
quintessential inflation of this category and look for pa-
rameter space which could comply with the recent mea-
surement of B mode polarization spectrum[23].
II. THE MODEL
The Einstein frame action of the desired model is given
by [42, 47],
S =
∫
d4x
√−g
[
− M
2
Pl
2
R+
k2(φ)
2
∂µφ∂µφ+ V (φ)
]
,(1)
k2(φ) =
(
α2 − α˜2
α˜2
)
1
1 + β2eαφ/MPl
+ 1 , (2)
where we assume the form of potential to be exponential,
V (φ) =M4Ple
−αφ/MPl ; α˜ controls slow roll such that α˜≫
1 and β is associated with the scale of inflation [42, 47].
In the region of large φ, the kinetic function k(φ) → 1
which reduces the action to scaling form provided α is
2large; nucleosynthesis constraint [48] implies that α &
20. One also checks that slow roll ensues for small field
limit which continues in the region of large field (see,
discussion below). Hence the kinetic function controls the
inflationary and post inflationary behavior of the field.
It is instructive to have cast the action in non canonical
form.
Variation of action (1) with respect to the field φ gives
its equation of motion, namely,
k2φ+ k
∂k
∂φ
∂µφ∂µφ =
∂V
∂φ
. (3)
We can transform the scalar-field part of the action (1) to
its canonical form through the transformation, σ = k(φ)
and k(φ) = ∂k∂φ Thus, (1) becomes
SE =
∫
d4x
√
g
[
−M
2
Pl
2
R+
1
2
∂µσ∂µσ + V (k
−1(σ))
]
.(4)
In case of small-field approximation, we have k2(φ) ≈
α2/α˜2, σ(φ) ≈ αα˜φ and the potential becomes Vs(σ) ≈
M4Ple
−α˜σ/MPl [42] which can give rise to slow roll for small
values of α˜. Similarly, for very large values of φ, we have
k2(φ) ≈ 1 and
σ ≈ φ− 2
α˜
ln
(
β
2
)
+
2
α
ln
(
α˜β
α+ α˜
)
(5)
and the potential reads Vl(σ) ≈ Vl0e−ασ/MPl [42], where
Vl0 is expressed in terms of MPl, β and α˜.
III. INFLATION
The slow roll parameters can be easily expressed in
terms of non-canonical field φ as
ǫ =
M2Pl
2
(
1
V
dV
dσ
)2
=
M2Pl
2k2(φ)
(
1
V
dV
dφ
)2
=
α2
2k2(φ)
,(6)
η =
M2Pl
V
d2V
dσ2
= 2ǫ− MPl
α
dǫ(φ)
dφ
, (7)
ξ2 =
M4Pl
V 2
dV
dσ
d3V
dσ3
= 2ǫη − αMPl
k2
dη
dφ
. (8)
For α≫ 1 and α˜≪ 1, we can approximate the slow roll
parameters as,
ǫ =
α˜2
2
(1 +X) , η = ǫ +
α˜2
2
and ξ2 = 2α˜2ǫ (9)
where X = β2eαφ/MPl . Power spectra of curvature and
tensor perturbations are
PR(k) = As(k/k∗)ns−1+(1/2)dns/d ln k ln(k/k∗) , (10)
Pt(k) = At(k/k∗)nt , (11)
where As, At, ns, nt and dns/d lnk are scalar am-
plitude, tensor amplitude, scalar spectral index, tensor
spectral index and its running respectively.
Number of e-foldings in the model is given by,
N ≈ 1
α˜2
[
ln
(
1 +X−1
)− ln
(
1 +
α˜2
2
)]
. (12)
Considering α˜ ≪ 1, we can approximate the above ex-
pression to
N ≈ 1
α˜2
ln
(
1 +X−1
)
(13)
which gives,
ǫ(N ) = α˜
2
2
1
1− e−α˜2N . (14)
For small field approximation that corresponds to the
case α˜2 ≫ 1/N , we notice that, (X ≪ 1) ǫ = η/2 =
α˜2/2. Whereas in large field limit (X ≫ 1), we have
ǫ = η/2 = α˜2X/2 in which case, α˜2 ≪ 1/N . This
means that the transition between the two regions hap-
pens when α˜2 ≈ 1/N .
With the knowledge of ǫ(N , α˜) and η(N , α˜), the ten-
sor to scalar ratio (r), scalar spectral index (ns) and its
running (dns/d lnk) read as follows,
r(N , α˜) ≈ 16ǫ(N ) = 8α˜
2
1− e−α˜2N , (15)
ns(N , α˜) ≈ 1− 6ǫ+ 2η = 1− α˜2 coth
(
α˜2N
2
)
, (16)
dns
d ln k
≈ 16ǫη − 24ǫ2 − 2ξ2 = − α˜
4
2 sinh2
(
α˜2N
2
) . (17)
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FIG. 1: The tensor-to-scalar ratio (r) versus the model pa-
rameter α˜, for different e-foldings N . Blue (dashed), red
(solid) and black (dotted) lines correspond to N = 50, 60
and 70 respectively. The shaded region marks the BICEP2
constraint on r at 1σ confidence level, that is r = 0.2+0.07−0.05
[23].
In Fig. 1 we present the variation of the tensor-to-
scalar ratio (r) with respect to α˜, for various numeri-
cal values of the number of e-foldings. Additionally, the
shaded region marks the allowed values of r in 1σ con-
fidence level, given by BICEP2 [23] collaboration. From
BICEP2 results [23] we have r = 0.2+0.07−0.05 and Fig. 1
clearly shows that the values of r allowed by the BICEP2
3can be achieved in the model at hand by tuning the pa-
rameter α˜, for instance r ≈ 0.2 for α˜ = 0.12 and N = 60.
For these values of α˜ and N , using Eqs. (16) and (17),
we find that ns = 0.965 and dns/d ln k = −0.000522.
While ns satisfies the 1σ bound, ns = 0.9603 ± 0.0073
from Planck results [49], the value of the running of ns
does not satisfy the 1σ bound dns/d ln k = −0.021+0.012−0.010
from the same collaboration.
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FIG. 2: 1σ (blue) and 2σ (cyan) contours for P lanck+WP +
highL+BICEP2 data, and 1σ (red) and 2σ (pink) contours
for P lanck + WP + highL data, on the ns − r plane. The
black solid curves bound the region predicted in our model for
efoldings between N = 50 and N = 70 and for the parameter
α˜ between 0+ and 0.175. The lower line (α˜ → 0) is for N
from 50 to 70, the left curve (N = 50) is for α˜ from 0+ to
0.17, the right curve (N = 70) is for α˜ from 0+ to 0.17, and
the upper line (α˜ = 0.17) is for N from 50 to 70.
In Fig. 2, we present the 1σ (blue) and 2σ (cyan) like-
lihood contours on the ns − r plane for the observations
Planck+WP+highL+BICEP2 [23]. For completeness,
we additionally present the 1σ (red) and 2σ (pink) con-
tours, from the data of Planck+WP+highL [49]. On top
of these, we depict the predictions of the model at hand.
In particular, the black solid curves bound the region pre-
dicted in our model for efoldings between N = 50 and
N = 70 and for the parameter α˜ between 0+ and 0.175.
This figure clearly shows that we can obtain a tensor-to-
scalar ratio well within the 1σ (blue) confidence level by
tuning the parameter α˜. Furthermore, we have r = −8nt,
which gives us the range of nt as−0.0338 ≤ nt ≤ −0.0188
for the given BICEP2 [23] range of r in 1σ confidence
level.
The COBE normalized value of density perturbations
is given by the following fitting function is [50],
As = 1.91× 10−5e1.01(1−ns)/
√
1 + .75r . (18)
BICEP2 [23] gives the constraint on r = 0.2+0.07−0.05 and
Planck 2013 results [49] gives ns = 0.9603 ± 0.0073. So
the COBE normalized value of density perturbations for
the best fit values of r and ns taken from the BICEP2 [23]
and Planck [49] observations respectively is 1.8539×10−5.
On the other hand, the scalar perturbation spectrum
is given by
A2s (k) =
V
(150π2M4Plǫ)
, (19)
and at the horizon crossing (k = k∗ = a∗H∗)
A2s (k∗) = 7
ns∗−1δ2H . (20)
Moreover, the energy scale of inflation is given by
V
1/4
∗ =
(
7ns∗−1r∗
1− 0.07r∗ − 0.512ns∗
)1/4
2.75× 1016 GeV .(21)
Since in the present model different values of r and ns can
be obtained by changing the parameter α˜ and efoldings
N (see Fig. 1), we can use the above formulas in order to
estimate the inflation scale. In particular, for the values
of interest, r = 0.2 and ns = 0.9603, we get the energy
scale of inflation to be 2.157× 1016GeV.
Using COBE normalization, we can also have a relation
between the parameters α˜, β and e-foldings N ,
β2 sinh2
(
α˜2N/2)
α˜2
= 6.36× 10−8 , (22)
which in case of large field approximation (that is for
α˜2N ≪ 1 and β2α˜2 = 2.5×10−7/N 2 for the given values)
gives r∗ = 0.2 and ns∗ = 0.9603.
Let us note that the conventional (p)reheating mecha-
nism does not work in quintessential inflation. However,
instant preheating can be implemented in the scenario
under consideration [42]. It is required that the field po-
tential is steep in the post inflationary era, allowing ra-
diative regime to commence. In this case, during scaling
regime, Ωφ = 4/α
2; nucleysynthesis from Planck results
[48] then implies that α & 20 which in view of ˜α≪ 1
tells us that inflation ends at a sufficiently large value of
φ or X . Indeed, the large-field slow-roll regime gives us
ǫ = η = α˜2X/2 → Xend = 2/α˜2 ≫ 1 and the kinetic
function is given by k2(φ) ≃ α2/(α˜2X) → kend ≃ α/
√
2.
An important comment regarding the small and large
field limit inflation is in order. As noticed before, the
boundary of the two regions is given by α˜ =
√
1/N .
Thus, in case inflation commences in the large field
regime, α˜ needs to be small in order to collect the re-
quired number of e-foldings. However, if inflation begins
around the boundary, the slow roll region is larger and
we might improve upon the numerical values of α˜ for the
given number of e-foldings, thereby giving rise to larger
values of r. In fact, the large field approximation does
not lead to the desired result in view of the recent obser-
vations.
At the commencement of inflation we have
Xin =
1(
eα˜2N − 1) , (23)
4which gives us the value of the potential at the beginning
of inflation
Vin = M
4
Plβ
2
(
eα˜
2N − 1
)
. (24)
Now replacing β from (22) we acquire
Vin =
2.5× 10−7α˜2M4Pl(
1− e−α˜2N ) . (25)
V
1/4
in gives the scale of inflation as in relation (21) and for
consistency check the value given by Vin should be same
as that of (21). From Fig. 1 we can see that r ≈ 0.2 for
α˜ ≈ 0.12 and N = 60, and for these values of α andN we
obtain V
1/4
in = 2.46× 1016GeV, which matches the value
calculated from Eq. (21) for r = 0.2 and ns = 0.9603.
Finally, we also have
Xin
Xend
=
Vend
Vin
=
α˜2
2
(
eα˜2N − 1) , (26)
which for large field limit reduces to Vend/Vin = 1/ (2N )
[42]. During the inflationary phase of the universe the
first Friedmann equation reduces to 3H2M2Pl = V , and
this provides the ratio Hend/Hin. Therefore, at the end
of inflation we have,
Hend =
MPlβα˜√
6
=
1.02× 10−4α˜2MPl
sinh (α˜2N/2) . (27)
IV. SPECTRUM OF RELIC GRAVITY WAVES
One of the generic predictions of inflation includes the
quantum mechanical production of relic gravity waves,
whose spectral energy density depends upon the post in-
flationary equation-of-state parameter ω [5, 10]. The ten-
sor perturbation is given by, δgij = a
2hij where hij can
be represented as hij = hk(τ)e
−ikxeij (eij is the polariza-
tion tensor, τ is the conformal time defined as dτ = dt/a
and k is the comoving wave number defined as k = 2πa/λ
where λ being the wavelength) and satisfies the Klein-
Gordon equation hij = 0 which reduces to,
h¨k(τ) + 2
a˙
a
h˙k(τ) + k
2hk(τ) = 0 . (28)
We will consider power-law expansion of the scale fac-
tor a as a ∼ (t/t0)p ∼ (τ/τ0)(1−2µ)/2 where µ = (1 −
3p)/2(1− p). For exponential inflation µ = 3/2 and the
scale factor goes as a ∼ τ0/τ , where |τ | < |τ0|. In order to
compute the spectral energy density of gravity waves, we
need to compute the Bogoliubov coefficients (for detailed
calculations one can see [5, 10]). In order to obtain the
analytical expression one assumes inflation to be expo-
nential. In that case, the spectral energy density ρ˜g(k),
after the transition from de Sitter to post inflationary
phase, characterized by the equation-of-state parameter
ω, is given by [10],
ρ˜g(k) ∝ k1−2|µ|; µ = 3
2
(
ω − 1
3ω + 1
)
. (29)
In the model under consideration the post inflationary
dynamics is described by the scalar field in the kinetic
regime with ωφ = 1, which implies that ρg ∝ k thereby a
blue spectrum of gravity wave background. Let us again
note that in our case as usual, nt = −r/8 is small which
we ignored when assumed inflation to be exactly expo-
nential. The blue spectrum in our proposal is solely at-
tributed to the kinetic regime that follows quintessential
inflation irrespective of the underlying model.
As demonstrated in Refs. [7, 8, 10, 16], the grav-
itational waves amplitude increases during the kinetic
regime and this might come into conflict with nucleosyn-
thesis at the commencement of radiative regime, in case
the kinetic regime is long. Since the standard mechanism
does not work here, One assumes that radiation with
energy density ρr is produced via an alternative mecha-
nism. The ratio of the field energy density to ρr, can be
compared with the ratio of the energy density in gravity
waves ρg to radiation energy density at the beginning of
radiative era, namely,(
ρφ
ρr
)
end
=
3π
64h2GW
(
ρg
ρr
)
eq
, (30)
where,
h2GW =
H2in
8πM2Pl
=
3.315× 10−9α˜2
1− e−α˜2N , (31)
is the square of dimensionless gravity wave amplitude.
Nucleosynthesis imposes a stringent constraint on the ra-
tio of energy densities at equality, that is ρg/ρr . 0.01,
thereby giving rise to the lower bound of ρφ/ρr at the
end of inflation which reads
ρr,end ≥ 3.517× 10
−14M4Plα˜
6eα˜
2N/2
sinh3 (α˜2N/2) , (32)
and it also gives Tend = ρ
1/4
r,end. Now the bound on r from
BICEP2 [23] gives the bound on α˜ as 0.063 ≤ α˜ ≤ 1.83
forN = 60. For α˜ = 0.12 andN = 60, r ≈ 0.2 and we get
the bound on the temperature at the end of inflation as,
Tend ≥ 6.65 × 1013GeV. This condition cannot be met
for instance if reheating is attempted via gravitational
particle production, which is an inefficient mechanism.
It is possible to circumvent the problem of over-
production of relic gravity waves if an efficient mecha-
nism such as instant preheating [51–53] is implemented
[10, 42].
The spectral energy density parameter of the relic
gravitational wave is defined as,
ΩGW(k) =
ρ˜g(k)
ρc
, (33)
5where ρc is the critical energy density and (detailed cal-
culations one can see Ref. [10])
Ω
(MD)
GW =
3
8π3
h2GWΩm0
(
λ
λh
)2
, λMD < λ ≤ λh, (34)
Ω
(RD)
GW (λ) =
1
6π
h2GWΩr0 , λRD < λ ≤ λMD , (35)
Ω
(kin)
GW (λ) = Ω
(RD)
GW
(
λRD
λ
)
, λkin < λ ≤ λRD , (36)
where,
λh = 2cH
−1
0 , (37)
λMD =
2π
3
λh
(
Ωr0
Ωm0
)1/2
, (38)
λRD = 4λh
(
Ωm0
Ωr0
)1/2
TMD
Trh
, (39)
λkin = cH
−1
kin
(
Trh
T0
)(
Hkin
Hrh
)1/3
, (40)
where matter, radiation and kinetic energy dominated
epochs are represented by “MD”, “RD” and “kin” respec-
tively. H0, Ωm0 and Ωr0 are the present values of Hubble
parameter, matter and radiation energy density parame-
ters respectively. reheating temperature and Hubble pa-
rameter are represented by Trh and Hrh respectively and
we have taken reheating temperature and Hubble param-
eter approximately same as the temperature and Hubble
parameter at the end of inflation.
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FIG. 3: The spectral energy density of the relic gravity wave
background versus the wavelength λ. Blue (small dashed), red
(long dashed) and cyan (dotted) lines correspond to reheating
temperature 7 × 1013GeV, 2.5 × 1014GeV and 8 × 1014GeV
respectively. We have taken α˜ = 0.12 and N = 60. Black
solid lines represent the sensitivity curves of advanced LIGO
and LISA.
Fig. 3 shows the spectrum of the spectral energy den-
sity of relic gravitational waves with wavelength λ. Sen-
sitivity curves of advanced LIGO [54] and LISA [55] are
also depicted. Additionally, in Fig. 4 we present the
spectrum of relic gravitational waves for different tensor
to scalar ratio. We can write the amplitude of the relic
gravitational wave (hGW) in terms of the tensor-to-scalar
ratio (r) by using Eq. (15) and Eq. (31), and it is given
as h2GW = 3.315× 10−9r/8. This implies that the square
of the amplitude is directly proportional to r, and since
the spectral energy density parameter of the relic gravi-
tational wave (ΩGW) is proportional to the square of the
amplitude, ΩGW also gets increased with increasing r.
This effect can be seen in Fig. 4.
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FIG. 4: The spectral energy density of the relic gravity wave
background versus the wavelength λ. Blue (small dashed),
red (long dashed) and cyan (solid) lines correspond to the
tensor to scalar ratio r = 0.1, 0.2 and 0.3 respectively with
reheating temperature 1014GeV. We have taken α˜ = 0.12 and
N = 60.
V. LATE TIME EVOLUTION
Finally, let us point out for completeness that the late
time acceleration, although not the subject here, can
be achieved in the scenario by including massive neu-
trino matter, non-minimally coupled to the field [42, 47].
At late stage, when neutrinos become non relativistic,
the field potential, originally a steep run-away potential,
acquires a minimum allowing the exit from the scaling
regime to dark energy [42].
VI. CONCLUSIONS
In this paper we have investigated a class of models
that can successfully give rise to quintessential inflation.
The Lagrangian of the single field system under consid-
eration contains three free parameters α˜, α and β such
that β is related to scale of inflation and α˜ defines the
tensor to scalar ratio r for a given number of efolds. As
for α, it is fixed by the post inflationary requirements,
namely, nucleosynthesis constraint [48].
For the observed values of r from BICEP2 [23] and
N = 60, the parameter α˜ in the model ranges from 0.063
to 0.183 consistent with the BICEP2 measurements, (see
Fig. 1) such that the scale of inflation in this case is
around the GUT scale. The distinguished feature of
6the model includes a blue spectrum of stochastic back-
ground of relic gravitational waves produced during in-
flation. The blue spectrum of relic gravity waves associ-
ated with the kinetic regime after inflation, is a generic
feature of quintessential inflation irrespective of an un-
derlying model [7, 8, 10, 16, 25]. However, the amplitude
of relic gravity waves naturally depends upon the ten-
sor to scalar ratio of perturbations and we have quoted
here ΩGW in accordance with the observed values of r.
Fig. 4 shows the r dependence of spectral energy den-
sity parameter (ΩGW). We should emphasize that we
have neglected nt, the tilt of inflationary spectrum, in
order to felicitate the analytical calculation. We reiter-
ate that the blue spectrum here is nothing to do with
blue tilt seen in BICEP2; the former is the consequence
of kinetic regime which is a general feature in scenarios of
quintessential inflation. We should also negligibly small
values of running of the spectral index. note that the
scenario under consideration predicts
The BICEP2 findings, if confirmed, would rule out a
large number of models including the currently favourite
Starobinsky model. In purely theoretical perspective, the
GUT scale of inflation as envisaged by the said measure-
ments would throw a big challenge to model building in
the framework of effective field theories. We hope that
the forthcoming announcement from Planck collabora-
tion and future observations would clarify the related is-
sues and the same is eagerly awaited.
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